Abstract: We investigate the hyperbolicity of the 5, 8, 10, 13 and 16-moment Grad systems for two species of particles under the quasineutrality hypothesis. The analysis is based on an asymptotic expansion with respect to the mass ratio. We show that the hyperbolicity of the systems which involve the heat flux as an independent variable requires a limitation on this heat flux.
1
Introduction.
This paper is the second part of a work concerned with the hyperbolicity of Grad systems [1] for ionospheric plasma modelling (see [2] ). This part is specifially devoted to two species systems, modelling the coupled dynamics of electrons and ions. The coupling originally arising from the Poisson equation for the electric force, is treated in the commonly used "quasineutrality limit", which resuts in algebraic constraints on the densities and velocities of the two species. In this respect, the present paper is more than a straightforward extension of the first part [3] , because the algebraic constraints introduce strong modifications of the characteristic velocities compared with the single species case. In the present work, we prove that the conclusions of the first part [3] concerning the 5, 8, 10, 13 and 16-moment approximation for one species of particles can be extended in some way to the 2-species case. In a forthcoming paper [4] , we shall show that the 5-moment approximation (or gas dynamics equations) for 3 species of particles in the quasineutral limit is not everywhere hyperbolic. This last result goes against the intuition, because the gas dynamics equations for each of these species separetely are of course everywhere hyperbolic. This remark illustrates why the results presented in this second part are not a trivial extension of the first one although the "pathology" which appears in the three species case does not appear in the two-species case, which we deal with in the present paper.
Although hyperbolic (but not everywhere), none of the Grad systems for twospecies of particles under the quasineutrality assumption are in conservative form, including the 5-moment approximation (or gas dynamics equations). This again is surprising because the gas dynamics equations for each of the species separately are in conservative form. This new "pathology" is again, a consequence of the quasineutrality assumption and brings some indetermination in the definition of shocks waves (see [5] for a recent work on hyperbolic systems in non-conservative form). In a forthcoming paper [6] , we shall perform a travelling wave analysis which allows to wave the indetermination in the definition of shock waves, and which allows the investigation of entropy weak solutions for the two species gas dynamics in the quasineutrality limit.
We shall refer to the first part [3] for the derivation of the Grad system and the presentation of the "gyrotropic symmetry assumption" usually used in the modelling of planetary ionospheric plasmas (see [2] ). In section 2, we shall concentrate on the formal derivation of the 2-species systems in the quasineutrality limit.
In section 3, we shall investigate the 5 and 10-moment approximations. In section 4, we shall develop some technicalities about the perturbation of algebraic equation, which will be used in section 5 for the 8, 13 and 16-moment approximations. Concluding remarks will be drawn in section 6.
2 The 2-species Grad systems in the quasineutrality limit.
The derivation of the Grad system from the Bolzmann equation, as well as their explicit formulation under the "gyrotropic symmetry assumption" were given in part 1 [3] for a single species plasma. We now detail the derivation of the twospecies 5-moment Grad system under the quasineutrality assumption. Since the derivation is similar for the higher order moment system (8, 10, 13 and 16-moment approximations), we shall only give the result. For the definitions and notations we refer to [3] .
We shall limit ourselves to the case of two species of particles : Each species is described by its density n, its velocity u and its temperature T . The electrons state variables will be denoted by the subscript e and the ion ones by i. These scalar macroscopic state variables depend on the space variable x and the time t and satisfy the Euler-Poisson system of gas dynamics for charged particles : p i are the total energy for the electrons and the ions. These system are coupled by the electric field which satisfy the Poisson equation. The Poisson equation can be written in the following scaled form:
where ǫ is a small parameter of the system equal to the ratio of the Debye length λ D by the characteristic length of the system L. When ǫ → 0 , we obtain formally the quasineutrality limit :
Moreover, by substracting the two mass conservation equation, we obtain :
This constant is given by the boundary conditions and a commonly used assumption is the one of vanishing current at infinity i.e. J 0 = 0. It leads to :
Thus, we have a unique density n and a unique velocity u which satisfy the density conservation equations. Then, adding the two momentum equations leads to a single momentum conservation equation for nu. The resulting system for n, u, W e , W i can no longer be written in a conservative form. Furthermore, the choice of the "non-conservative" variables n, u, T e , T i allows to eliminate the electric field and yields: 6) where m = m e + m i . Thus, a single density and a single momentum conservation equation are used, we retain two equations for each of the 2 temperatures. The same features will show up in the higher order Grad systems (8,10, 13 and 16 moment approximation). We now detail these latter systems:
• 8 moment approximation.-
The eight-moment approximation for one species of particles can be found in ( [3] ). The case of two species of particles in used for numerical simulations in [7] . The state variables are the density n, the velocity u, the temperatures (T e , T i ) and the heat fluxes (q e , q i ). The system reads: ∂T e /∂x = 0,
• 10 moment approximation.-The state variables are the density n, the velocity u, the parallel and perpendicular temperatures (T e , T ⊥ i , T i , T ⊥ e ). There are no heat fluxes. The coupled system reads:
∂T e /∂t + u∂T e /∂x + 2T e ∂u/∂x = 0,
• 13 moment approximation.-This model is used for numerical simulations in [8] . The state variables are in this case : The particle density n(x, t), the velocity u(x, t), the parallel and perpendicular temperatures for ions and electrons (T e , T ⊥ e , T i , T ⊥ i ) and the heat fluxes for electrons and ions (q e , q i ). The system is written: 
(2.9)
• 16 moment approximation.-This model is used for numerical simulations in [10] and [9] . The state variables are in this case : The particle density n(x, t), the velocity u(x, t), the parallel and perpendicular temperatures for ions and electrons (T e , T ⊥ e , T i , T ⊥ i ) the parallel and perpendicular heat fluxes for electrons and ions (q e , q ⊥ e , q i , q ⊥ i ). The system is written:
∂q e /∂x = 0,
∂T e /∂x = 0,
Therefore, the various systems take the form:
where U is a vector of rank d depending on the approximation level ,
We shall denote by 'characteristic velocity' (respectively 'variable', respectively 'polynomial') of the system, the eigenvalue (respectively 'eigenvector', respectively 'characteristic polynomial') of A(U ).
3 The 5 and 10-moment systems.
We show that these systems are always hyperbolic.
The five-moment approximation.
The 5-moment system for a 2-species plasma under the quasineutrality assumption is given by (2.6). We prove:
The system (2.6) is always hyperbolic (although non strictly). The characteristic velocities of this system are u, with multiplicity two, u + c s and u − c s where c s is the sound speed
. The two fields associated with the velocity u are linearly degenerate.
Proof. The matrix of system (2.6) can be written:
where m e (resp. m i ) is the electron (resp. ion) mass. The hyperbolicity of this system can be directly obtained by computing the eigenvalues of A(U ).
The ten-moment approximation.
This system is given by (2.8). We have:
The ten moment system is always (non strictly) hyperbolic and has four linearly degenerate fields associated with the velocity u. The two other characteristic velocities are:
Proof. The matrix of (2.8) can be written:
2)
The computation of its eigenvalues is straightforward since u is a root of the characteristic polynomial with multiplicity 4. Remark. The 5 and 10-moment approximation systems are always hyperbolic although non strictly but they do not involve the heat flux as an independent state variables. Thus, we get the same results as in the one species case [3] . Note that this unconditionnal hyperbolicity property fails even for the 5-moment approximation if we consider more than two species of particles (see [4] ).
Technical results
We are now concerned with some technical lemmas which are useful in analyzing the hyperbolicity of the 8, 13 and 16-moment approximation. We first recall a lemma which has been proved in [3] and used for the investigation of the one species systems:
The polynomial P ǫ (X) = X 4 − k 2 X 2 + ǫX + k 0 has four real roots if and only if:
Moreover they are distinct if and only if the inequality (4.1) is strict.
In order to study the hyperbolicity of the two species systems, we use the following proposition:
Let P be a polynomial of the form :
where the coefficients k i andk i are arbitrary real numbers and η > 0. Assume:
and,
where ǫ 0 (k 2 , k 0 ) is given by (4.1). Then, for η small enough -depending on the values of k i andk i -, the polynomial P has six real distinct roots (X i , i = 1, · · · , 6), which can be approximated by:
7)
where h ± = k 2 − k 4 ± k 3 and x i are the four real distinct roots of :
Remark. Although one can probably derive this proposition from the classical perturbation theory for polynomials, we shall give an elementary proof of this result because it will yield an explicit characterization of the hyperbolicity of the systems.
Proof. We first show that P has two roots close to ±1 and afterwards we shall find four other real and distinct roots.
Assume 0 < η < η 0 , where η 0 is an arbitrary real number and set K = max i=0···4,j=1···3 (| k i |, |k j |). P (X) can be written:
where
and there exists at least one root X 1 (η) ∈ I (respectively X 2 (η) ∈ I ′ ).
We notice that Q(X) is increasing (resp. decreasing ) on I (resp. I ′ ) and that +1 (resp. -1 ) is the unique root of Q(X) in I (resp. I ′ ). Thus, there exist unique X − (η) and X + (η) such that :
Since H η is uniformly bounded by M , we have :
It follows that lim η→0 X 1 (η) = 1 and likewise, lim η→0 X 2 (η) = −1. Now, we set X = η 1 2 x and
and
The assumptions (4.3), (4.4) allow us to use Lemma 4.1 which states that the polynomial R(x) has four real distinct roots (x i ) i=3···6 . Define α by:
By means of the condition (4.4), we have:
By a symmetric argument, we have R(−α) < 0 (see the proof of Lemma 4.1 in [3] ). Now, let us make the following smallness assumption on η:
We now prove :
First, we have:
This inequality (4.16) can be written :
where we set:
Let firstk 1 ≤ 0. Then,
since ηα 2 < X − < 1. Fork 1 > 0, we have again using (4.19):
By a symmetric argument, we also prove that P (−αη 1 2 ) > 0 and this proves that the polynomial P has 6 real distinct roots. Indeed, since P (0) = −k 0 η 2 < 0 and P (±X − ) < 0, then we find four real roots (η α < X − , these intervals are disjoint, hence the four roots are distinct and they are also distinct from the two previously found ones ( in I and I ′ ). Since polynomial (4.2) is of degree 6, then each of these intervals contains a unique root. Now, we study the asymptotic behaviour of the roots of polynomial P when η → 0: It is readily seen from (4.9) that lim η→0 H η (±1) = h ± where h ± = k 2 − k 4 ± k 3 and lim η→0 P ′ (±1) = ±2. Then, we have:
20) up to the first order of approximation in η. This yields the asymptotic behaviour given by (4.5) and also (4.6). The asymptotic behaviour of (x i ) i=3,..., 6 can be obtained in a same way from definition (4.10). Indeed, S η is uniformly bounded and (4.4) insurses that the roots of R(x) are simple (or R ′ (x i ) = 0). Hence,
and we have : lim
where x i are the roots of the polynomial (4.8).
Remark. For the reader's convenience, we summarize the conditions on η under which the result holds (where all these notations are defined in the proof of propotion 4.2):
Remark. If one of the condition (4.3) or (4.4) of Proposition 4.2 fails, the roots (x i ) of the polynomial R(x) will be non real (see Lemma 4.1). Then, for η small enough P cannot have 6 real roots.
In this paper η represents the mass ratio of the electrons to the ions. Hence, η can not exceed the mass ratio of the elctrons to the protons (η 0 = 1/1836). We now fix η < η 0 and we express the preceeding conditions in terms of constraints on the coefficients to insurse that the polynomial has six real distinct roots:
Let P be a polynomial of the form (4.2) such that (4.3) holds and:
(| k i |, |k j |) < 0.04/η 0 , (4.27)
where ǫ 0 is given by (4.1) and α by (4.12). Then,the polynomial P has six real distinct roots.
Proof. We use the same notations as in the preceding proof. We set X − = 2/3 such that Q(X − ) is the infimum of Q(X) for all X ∈ I, and we choose X + = 1.057 such that Q(X + ) > −Q(X − ). We easily verify that :
Then (4.27) implies η ≤ η 0 < 0.04/K < m/M ′ , which thus implies (4.23).
We also check that η 1 2 α < X − . Indeed, we have from (4.12) and (4.27): From now on, we fix η 0 = m e − m H + ≈ 1/1836.
The eight-moment approximation.
The eight-moment system for 2 species of particles under the quasineutrality assumption is given by (2.7).
Proposition 5.1 Let η < η 0 . A sufficient condition for the system (2.7) to be strictly hyperbolic is: where ǫ 0 (r) is given by (4.4) with: Proof. The matrix A(U ) of system (2.7) is given by: . We express the characteristic polynomial of (5.4) in terms of the dimensionless unknown X = (u − λ)/c e wherec e = 5k b T e /3m e and λ is a characteristic velocity. We order the resulting polynomial in increasing powers of the mass ratio η = m e /m i .
Then, we obtain a polynomial of the form (4.2), where the coefficients are given by (5.3) and:
One easily checks from these expressions that for r ∈ [0, 10]:
where K is defined by (4.27). These two inequalities state that the conditions (4.3) and (4.27) are satisfied. In order to apply Proposition 4.3, we have to check (4.28). From some numerical computations, we obtain:
Moreover, the condition (5.2) can be equivalently written in a scaled form :
Hence, condition (5.2) implies :
which is equivalent to (4.28). Thus, Proposition 4.3 holds and states that the characteristic polynomial of (5.4) has 6 real distinct roots. This concludes the proof.
The thirteen moment approximation.
The 13 moment approximation is given by (2.9) . In this case, The calculations are more complex than those of the eight moment approximation because there are two different temperatures (parallel and perpendicular) for each species of particles. The following proposition gives a sufficient condition for the hyperbolicity under some restrictions on the anisotropy of the temperatures. The ionic parallel temperature is taken as a reference temperature.
Proposition 5.2
Let η < η 0 and C be a real number such that C > 1 and
For C < 5 and η ≤ η 0 ; a sufficient condition for the system (2.9) to be strictly hyperbolic is:
and k i , i = 0, ..., 4,k j , j = 1, ..., 3, ǫ i , ǫ e , ǫ 0 (k 2 , k 0 ) and α and δ are defined in the following proof.
Proof. We recall that the associated vector is
We show that the associated 8x8 matrix has the same properties as for the 13-moment system for one species, u is now a characteristic velocity with multiplicity 2, associated with linearly degenerate fields. The six other roots of the characteristic polynomial are the roots of a polynomial of the same type as in the eight-moment approximation.
The matrix can be written in the following form: 
where we have set: Again, we transform the characteristic velocities λ into the following scaled variable :
By doing so, the scaled characteristic polynomial of (2.9) is of the form (4.2) with the following coefficients:
All these coefficients (k i ,k j ) only depend on the temperature ratios which are bounded from hypothesis (5.13) . We now define ǫ 0 (k 0 , k 2 ) by (4.1) , α by (4.12).
It is readily seen that the expressions
| also only depend on the different temperature ratios and thus, the bounds (ǫ 0 (C), δ(C) and φ(C)) are well defined under the hypothesis (5.13).
Numerical computations give that : Remark. The parameter C measures the anisotropies with respect to the ion parallel temperature. By construction ǫ 0 (C) is an increasing function of C while φ(C), δ(C) and K(C) are increasing. Therefore the hyperbolicity domain defined by (5.14) becomes "smaller" as C increases. For C larger than some C max of the order of 6.25, ǫ 0 (C) becomes negative and Proposition 5.2 cannot be applied anymore. On the other hand the condition (5.16) on K(C) imposes C < 5, and thus, ǫ 0 (C) is positive.
This anisotropy limitation (C < 5) can be related to the limitation we found for the 13 moment approximation for one species of particle (see [3] : T ⊥ /T < 7, 06 ). We recall that this condition is not restrictive since the physical validity of the 13 moment approximation requires an upper bound on the anisotropies of T ⊥ /T < 3 [10] ; for larger anisotropies, physical requirements impose the use of the sixteen moment approximation.
We now investigate an isotropic situation:
Let η < η 0 . If the temperature of each of the species is isotropic (T e = T e = T ⊥ e , T i = T i = T ⊥ i ), the system (2.9) is strictly hyperbolic provided that: where ǫ 0 (r) is given by (4.4) with: Proof. By simplifying the coefficients according to the isotropy assumption, we obtain (5.19) and:
,c 
121(1 + η) .
We easily check for r in [0, 10] that:
These inequalities again state that (4.27) and (4.3) hold. Moreover, we have:
Thus, the same arguments as in Proposition 5.1 prove that (5.18) implies (4.28) and thus, Proposition 4.3 holds.
The sixteen moment approximation.
The 16-moment approximation is given by (2.10). We have :
Let η < η 0 . A sufficient condition for system (2.10) to be hyperbolic is: where ǫ 0 (r) is given by (4.4) with: It comes easily from these expressions that for r ∈ [0, 10]:
This implies (4.3) and (4.27). On the other hand, we check:
Thus, (5.21) implies (4.28) and we apply Proposition 4.3 to obtain the result.
6 Discussion of the hyperbolicity criterion.
The ion heat flux limitation
We can see from Proposition 5.1 , 5.3 and 5.4 that the hyperbolicity of the 8, 13 and 16-moment approximation for two species of particles essentially require, in physical terms, limitations on the ion heat flux . Indeed, the first hypothesis η < η 0 and r = T i Te < 10 are always satisfied for the ionospheric plasma (see [7] ). On the other hand, the various heat flux limitation are of the following form:
, ǫ e = q e nm e c 3 e are the reduced heat fluxes.
Hence, when η → 0 and when the temperature anisotropies are small ( i.e C = O(1) where C defined by (5.13)) (6.1) essentially leads to a limitation of the ion heat flux. Up to the lowest order of approximation with respect to η, formulae (5.2), (5.18) and (5.21) give the following hyperbolicity criterion in terms of a ion heat flux limitation :
• 8 moment .
• 13 moment .
• 16 moment .
Remark. We can also get from Proposition 5.1 , 5.3 and 5.4 the asymptotic behaviour of the characteristic velocities when η → 0.
Comparison with the one species case.
In order to compare the heat flux limitations of the two species case with the single species case (see [3] ), we make the following assumptions: we retain only the first order approximation with respect to η in formulae (6.1) and we assume the temperatures of electrons and ions are equal (r = 1)
In the first column, we recall the values of the one species of particles reduced limiting heat flux ǫ = q nmc 3 from [3] . Next, we summarize the values that we have found in the sufficient conditions for hyperbolicity (i.e. ǫ 0 (r) for r = 1 in the propositions 5.1 , 5.3 and 5.4). We notice that these ion heat flux limitation are of the same order of magnitude as the bounds found in the one species case. Then, the domain of validity of these systems for ionospheric plasma is the same as presented in [3] .
The case of three species of particles.
For the systems with more than two species of particles, we cannot obtain explicit condition for the hyperbolicity. Even in the simplest case (5-moment and 3 species) the analysis of this system of 7 equations is rather complex (see [4] ) ; the simplest model with a heat flux ( 8-moment and 3 species ) leads to a system of 10 equations.
We have computed the 10 eigenvalues of its matrix for the physical data from [7] ( see also [3] ). We noticed that the hyperbolicity of the system fails when one of the two ion heat flux q i (i = 1, 2) becomes larger than 1 2 n i m i c 3 i . Thus, it seems reasonable that the hyperbolicity condition will lead to a limitation of all the ionic heat flux values.
7
A new 8-moment system for 2 species with large hyperbolicity regions
In general the ion heat flux is small in comparison with the electron one. Indeed, when the ion temperature is close to the electron one, we have ǫ i = O(1) , ǫ e = O(1) and :
q i q e = O( nm i c Thus the effect of the ion heat flux gradient on the evolution of the ion temperature is probably negligible compared with that of the electron one (see temperature equations in system (2.7)). Although of negligible influence on the evolution of the system, the ion heat flux produces a very stringent condition as far hyperbolicity is concerned. A possible idea to overcome this restriction is to use a system which does not involve the ion heat flux as an independent variable.
Thus, we propose an eight moment system without ion heat flux equation: ∂T e /∂x = 0. We show that this system is hyperbolic even for large values of the electron heat flux (q e /nm e c 3 e ) and anisotropies (r=T i /T e ).
Proposition 7.1
The system (7.2) is strictly hyperbolic provided that: r = T i /T e < 0.1/η and 32 | q e | 15nm e (5/3) 3/2 c 3 e < 0.1/η.
(7.3)
Proof.
The system (7.2) is of the form (2.11) for the vector U = (n, u, T e , T i , q e ) . Its matrix is given by : We write the characteristic polynomial of (7.4) in the form:
X(X 4 − (1 + 9(1 + r) 5(1 + η) .η)X 2 + ǫηX + 6 5(1 + η)
.r.η) (7.5) where X = , r = T i /T e , ǫ = .r.η < Hence, (7. 3) implies that the polynomial (7.5) has five real distinct roots.
